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In this paper we identify the geometric structures that restrict transport and mixing in pertur-
bations of integrable volume-preserving systems with nonzero net flux. Unlike KAM tori, these
objects cannot be continued to the tori present in the integrable system but are generated by
resonance and have a contractible direction. We introduce a remarkably simple algorithm to
analyze the behavior of these maps and obtain quantitative properties of the tori. In particular,
we present assertions regarding the distribution of the escape times of the unbounded orbits,
the abundance of tori, and the size of the resonant regions.
1 Introduction
When considering flows in pulsating channels there are two natural questions:
1. Is all of the material flushed out?
2. Is the material thoroughly mixed?
The goal of this paper is to numerically study some geometric structures that prevent a positive
answer to these questions.
We discover that the main objects that prevent transport are invariant tori of codimension one
which cannot be continued to the integrable system and have contractible directions. These tori,
which we will refer to as secondary, are generated by resonances.
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In this paper we use an exceedingly simple method to study secondary tori and their impact on
transport and mixing in area and volume-preserving maps. We generate random initial conditions
and determine if the resulting orbits remain bounded. We observe that the orbits that remain
bounded are in regions bounded by secondary tori. These regions contain other secondary tori as
well as chaotic regions.
1.1 Preliminaries
We consider measure-preserving mappings of Td × R and focus on the most important physical
cases which have d = 1, 2. A simple example is
(x′, z′) = fλ(x, z) = (x+ Ω(z′), z + λ) (1)
with angles x ∈ Td and action z ∈ R. Note that λ can be interpreted as a mean flux. If λ 6= 0 all
the trajectories are unbounded and escape, however the system remains completely unmixed. On
the other hand, if λ = 0 the flow is stratified. Every orbit lies on an invariant torus Tz = Td×{z0}
with constant action. All tori homotopic to Tz are referred to as rotational. Note that rotational
tori separate the phase space into two regions.
A system with richer dynamics is the model proposed in [DM12]
(x′, z′) = fε,λ(x, z) = (z + Ω(z′), z + εg(x) + λ) (2)
where g(x) is an average-zero function. For simplicity, we assume Ω and g are analytic. When
λ = 0 there are KAM results [DLL01, Xia92, BdlL, CS90a, CS90b, Yoc92, VM12] that show that
when |ε|  1 the model (2) possesses a set of invariant rotational tori of positive measure on which
the dynamics is conjugate to a rigid rotation. Orbits cannot cross these tori, hence all orbits remain
bounded. Moreover, they also prevent complete mixing since they separate regions of phase space.
When λ 6= 0 rotational tori cannot exist regardless of the size of ε. As is well known, the mean
flux is equivalent to the volume of the region bounded between a rotational torus and its iterate.
By definition, if the torus is invariant then this area, and therefore the mean flux, is zero.
Nevertheless, as we will see, for |ε|  1 the perturbations generate some new d-dimensional
invariant structures that are not present in the integrable case and are contractible to lower di-
mensional tori. These structures persist when the system is perturbed in both ε and λ, as can be
established using KAM theory. Since they are codimension one they separate regions of space. Any
orbits trapped within the torus cannot escape and therefore cannot become unbounded.
Secondary tori in twist maps, often referred to as islands, have been extensively studied – see,
for example, [Dua08, Gor12, RdSCV04, ST97] – and have been shown to exist for arbitrarily large
perturbations [Dua94, Aub92]. In higher dimensional maps the secondary tori appear as tubes
[FKP88b]. In analogy with the case of area-preserving maps, these tubes are bounded by KAM
tori. It is an open question as to whether these tubes also exist when the perturbation is very
strong. A forthcoming paper by the authors [FdlL14] establishes the existence of these tubes in
near-integrable volume-preserving maps.
We will explore the effect of these secondary tori by adding a flux term to two oft-studied
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systems. The Standard Area-Preserving Map,
x′ = x+ z′
z′ = z +
ε
2pi
sin(2pix) + λ,
(3)
is an example of (2) with d = 1. It was introduced by Chirikov [Chi79] as a model for the behavior
of a generic Hamiltonian system near resonance (see also [Esc85]). The map (3) has also been
used to model many natural phenomena, see [Mei92] for a comprehensive overview. Although
(3) is generally referred to as The Standard Map in the literature, we will call it the Standard
Area-Preserving Map in this paper to avoid confusion with other analogues in higher dimensions.
The Standard Volume Preserving Map, [DM12]
x′1 = x1 + γ + z
′
x′2 = x2 − δ + β(z′)2
z′ = z + ε(sin(2pix1) + sin(2pix2) + sin(2pi(x1 − x2))) + λ,
(4)
is of the form of (2) with d = 2. Following [Mei12, FM13, FM14] we use the parameters β = 2 and
γ = 12(−1 +
√
5) and set δ = 0. Maps of this form naturally arise in the study of incompressible
fluid flows subject to periodic perturbations. The volume preservation is a direct consequence of
the physical properties of preservation of mass and incompressibility - see, for example, [CFP96,
FKP87, FKP88a]. The addition of the flux term λ allows us to model these fluids moving through
a channel, such as water in a pipe or blood through an artery subject to periodic perturbations.
In Section 2 we outline numerical techniques to analyze the dynamics of (3) and (4). The main
observation is that a non-zero flux destroys all rotational invariant tori. However, this flux does
not destroy the secondary tori which bound regions of phase space.
The behavior of the unbounded orbits, those not enclosed by secondary tori, is described in
Section 3. We provide evidence for the assertion that the escape time of the orbits can be modeled
as a Gamma random variable whenever secondary tori are present.
In Section 4 we describe the bounded orbits and the secondary tori that enclose them. In
particular we study the abundance of the tori in parameter space and the Lyapunov exponents and
global rotation vectors of the trapped orbits. We will also present an assertion on the region in
parameter space for which secondary tori may exist and provide numerical estimates for the size of
the resonant regions.
2 Numerical Methods
The numerical methods we employ to study these maps are exceptionally simple. We select random
initial conditions uniformly on 0 ≤ x, z ≤ 1 and iterate the map fε,λ a specified number of times,
nmax, to generate an orbit. We classify an orbit as unbounded if the action z grows larger than
some predetermined threshold zth, i.e. if |z| > zth. Otherwise, the orbit is said to be bounded.
Both constants zth and nmax must be carefully chosen.
If the orbit is bounded we compute the maximal Lyapunov exponent
L = lim
n→∞ log10
1
n
||Dfn(xn, zn)~v||, (5)
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where Df is the Jacobian matrix and ~v is some random initial vector, and the global rotation vector
ω ∈ Rd
ω(x0, z0) = lim
n→∞
Fnx (x0, z0)− x0
n
(6)
where Fx are the angle coordinates of the lift of f to the universal cover. Note that this global
rotation vector should not be confused with the internal rotation vector. If an orbit is unbounded
we record the escape times Te, or the number of iterations needed for the action to grow larger
than zth.
The Algorithm for fixed ε and λ
1. Fix zth, nmax
2. Randomly select initial condition (x0, z0) ∈ [0, 1]d+1
3. Generate orbit (xn, zn) = fε,λ(xn−1, zn−1), n = 1, 2, · · · , nmax
• At each iteration compute the Jacobian Dfn and update limit (5)
• At each iteration update the lift Fnx and the limit (6)
• If |zn| > zth end iteration, declare orbit unbounded. Record escape time Te = n.
4. Declare orbit bounded. Record maximal Lyapunov Exponent L and rotation vector ω.
5. Repeat steps (2) - (4) as often as desired.
We also note that this algorithm provides a method to compute the secondary tori in the zero
net-flux case by taking the limit with λ→ 0.
The bounded orbits of the Standard Area-Preserving Map (3) and Standard Volume Preserving
Map (4) are shown in Fig. 1 for 500 initial conditions, zth = 2, nmax = 10000, and several values of
ε and λ. Every bounded orbit that we observe is contained within a secondary torus. There are of
course other phenomena that might cause an orbit to remain bounded, for example if the orbit is
periodic. However, the confinement by surfaces is the only known method that provides a positive
measure of bounded orbits.
The secondary tori of the positive-flux Standard Area-Preserving Map (3), shown in Fig. 1(a)-
(b), are indistinguishable from the typical islands of area-preserving twist maps. These arise in
nested families - tori of the same topology that are contained within each other. The families of
these nested tori are not foliations and contain gaps in which more complicated behavior happens.
In particular, in the gaps of these families of tori we have found orbits with positive Lyapunov
exponents and chaotic regions confined by the bounding tori.
The secondary tori in the Standard Volume-Preserving Map (4) are analogous to the islands
of twist maps, however are rotational in one direction. These tori appear as “tubes” as shown in
Fig. 1(c)-(d). These tubes are nested, much like the islands in the Standard Area-Preserving Map,
and may be oriented in many different directions.
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Figure 1: Top Row: Bounded orbits of the Standard Area-Preserving Map (3) with λ = 0.2 and Figure (a): ε = 3
and Figure (b): ε = 4. Bottom Row: Bounded orbits of the Standard Volume-Preserving Map (4) for ε = 0.016 and
λ = 0.001. All bounded orbits are contained within an invariant torus
3 Escape of Unbounded Orbits
The algorithm described in Section 1 requires the user to specify the value of zth and nmax. Before
performing more complex experiments we must establish appropriate values for both parameters.
In this section we will examine the length of time needed for unbounded orbits to escape, i.e. for
|z| > zth. This is a fundamentally important question because if the escape times tend to be very
long then our algorithm will be time consuming and may potentially misclassify orbits. If, however,
the escape times are relatively short then we will be able to quickly and accurately perform our
experiments.
When ε = 0 the distribution of escape times is trivial. The action z evolves as zn = z0 + nλ.
Since the initial points z0 are uniformly distributed between 0 and 1 the escape times are uniformly
distributed on [λ−1, zthλ−1]. However, when ε 6= 0 and secondary tori are present, the distribution
of escape times fundamentally changes. This new distribution has a heavy tail, which is not
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unexpected. Indeed, this is consistent with measurements of transport in area-preserving twist
maps [Mei92, Chi83, Kar83]. If we ignore this heavy tail, we find that the escape times are Gamma
distributed.
Assertion 1. The tailless escape times Te of the unbounded orbits of maps of the form (2) are
random variables with Gamma Distribution whenever secondary tori exist.
Evidence:
The Kolmogorov-Smirnov test [HT10] may be used to determine whether the underlying distribu-
tion of a given sample of random variables is a reference distribution. This is done by comparing
the largest vertical distance between the empirical distribution function of the sample data
EDF(x) =
1
n
n∑
i=1
IXi≤x
(where IXi≤x = 1 if Xi ≤ x and 0 otherwise) and the cumulative distribution function of the
reference distribution. This distance is known as the Kolmogorov-Smirnov statistic can be used to
compute the p-value for the test.
To perform this test we first generate 500 escape times with nmax = 25000. Although some
orbits require more time to escape these are rare and, as we show below, do not have a substantial
effect on the results. We then disregard the largest escape times, as discussed further below, to
compensate for the heavy tail of this distribution. Assuming the tailless data is Gamma distributed,
the maximum-likelihood estimates are given by
αˆ =
1
2
(log(Te)− log(Te))−1
βˆ = Teαˆ
−1,
(7)
where · · · indicates the sample mean.
The best-fit Gamma distribution for a given sample of escape times was found by finding the
parameters α, β that maximized the p value of the Kolmogorov-Smirnov test. This maximization
was performed using the Nelder-Mead algorithm [NM65], seeded with the initial guess of αˆ, βˆ.
We employ the fminsearch and kstest MatLab commands to perform the search and compute the
appropriate p-values.
3.1 Escape Times in the Standard Volume-Preserving Map
The tail of the escape time data for the Standard Volume-Preserving Map (4) was removed by
disregarding the largest 5% of the values. The p-values of the Kolmogorov-Smirnov test for the
resulting sample is shown in Fig. 3. The choice of escape threshold zth played an important role
in these tests. As zth → ∞ the p values grew closer to one, indicating a better fit. In Fig. 3
a clear improvement can be seen from when zth = 2 in Fig. 3(a) to when zth = 5 in Fig. 3(b).
The difference is especially pronounced when λ is large. The empirical distribution function of the
escape times for ε = 0.05, zth = 5.0, and several values of λ is shown in Fig. 2 along with the
best-fit Gamma cumulative distribution functions.
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Figure 2: Cumulative Distribution Function for the best-fit Gamma distribution (solid black line) and the tailless
experimental data (red points) for the Standard Volume-Preserving Map with ε = 0.06. The Gamma distributions
have parameters (α, β) = (19.80, 11.38) for λ = 0.2, (α, β) = (22.20, 6.73) for λ = 0.3, and (α, β) = (30.4, 3.65) for
λ = 0.4. The corresponding p-values for the Kolmogorov-Smirnov test are 0.91, 0.73, and 0.67.
Figure 3: p-values for the Kolmogorov-Smirnov test for the Standard Volume-Preserving Map (4) with Figure (a):
zth = 2 and Figure (b): zth = 5.
3.2 Escape Times in the Standard Area-Preserving Map
Removing the tail of the escape time data for the Standard Area-Preserving Map (3) was signif-
icantly more complex. This appears to be largely due to the different configurations of the tori
in phase space. For example, when the tori are wide and stretch across the x dimension, such as
in Fig. 1(a), the tail is relatively heavy. However, when the tori are small, such as in Fig. 1(b),
the tails tend to be shorter. To compensate for these different behaviors three parameters were
fit to maximize the p-value of the Kolmogorov-Smirnov test: the two parameters of the Gamma
distribution and the percentage of largest escape times to disregard. The p-values of the resulting
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tests with zth = 50 are shown in Fig. 4(a) and the percentage of the points thrown out are shown
in Fig. 4(b). The choice of zth once again proved important, with larger threshold values increasing
the p-values especially for larger λ values.
Figure 4: Figure (a): p-values from the Kolmogorov-Smirnov test for the Standard Area-Preseving Map (3) with
zth = 50 and fitting both the parameters of the Gamma distribution and the size of the tail to remove. Figure (b):
Percentage of the largest escape times discarded when performing the Kolmogorov-Smirnov test.
3.3 Summary
Whenever λ ε or λ ≈ ε the Kolmogorov-Smirnov test indicates that the tailless escape times are
Gamma-distributed random variables. As we show in Section 4 this corresponds to the region for
which secondary tori may exist. Interestingly, even when λ is slightly larger than this threshold we
are able to fit the escape times to a Gamma distribution, however when λ becomes significantly
larger than ε the escape times are no longer Gamma distributed. This might be explained by
the existence of remnant invariant sets that slow, but do not prevent, transport, analogous to the
turnstiles that arise after invariant circles are destroyed [MO86].
Assertion 1 lends credibility to our numerical approach. Since the escape times are Gamma
distributed random variables we can easily compute the mean escape time, Te = αβ, where α and
β are the fitted parameters for the Gamma distribution. For the Standard Area-Preserving Map
with zth = 50 the largest mean escape time over all values of ε and λ was computed to be 3107.4.
Similarly, the largest mean escape time for the Standard Volume-Preserving map over all values of
ε and λ was 2222 when zth = 5. Although the escape times are not Gamma distributed when the
secondary tori are absent these escape times are very rapid.
Since the unbounded orbits escape quickly the algorithm described in Section 2 will be able
to distinguish between bounded and unbounded orbits with small nmax. For the remainder of
this paper we will use zth = 2 and nmax = 50000 for the Standard Area-Preserving Map and
nmax = 500000 for the Standard Volume-Preserving Map. Although it is possible that we may
misclassify some orbits that have an atypically long escape time, these misclassifications will be
rare.
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4 Existence of Secondary Tori
Recall from Section 2 that the only observed bounded orbits are those that are contained within a
secondary torus. In this section we will further study these bounded orbits and the secondary tori
that contain them.
We begin by exploring the relative measure of the set of bounded orbits by constructing a grid
in (ε, λ) space. At each pair of parameter values 5000 initial points were iterated in the Standard
Area-Preserving Map (3) while 15000 orbits were generated in the Standard Volume-Preserving
Map (4). The relative measure of the set of bounded orbits is shown below for both systems.
We observe that tori are most frequent for small values of ε and λ. This is not surprising as large
amounts of flux or force are expected to lead to the destruction of tori. Perhaps the most prominent
feature of Fig. 5 is the absence of bounded orbits whenever the flux is significantly larger than the
amplitude of the forcing.
Figure 5: Relative measure of the set of bounded orbits in Figure (a): the Standard Area-Preserving Map (3) and
Figure (b): the Standard Volume-Preserving Map (4).
Assertion 2. Secondary tori only exist when
λ ≤ ε
2pi
in the Standard Area-Preserving Map (3)
λ ≤ ε+ ε2 in the Standard Volume-Preserving Map (4)
Evidence:
To test this assertion the bisection method was used to establish to find λmax, the smallest λ for
which no bounded orbits exist at fixed ε. The same number of points and iterations were used in
the bisection methods as were used to generate Fig. 5. For the Standard Area-Preserving Map (3)
we found 2piλmax = ε up to the accuracy of the bisection method. Physically, this implies that the
amplitude of the forcing must be at least as large as the amount of flux in order for secondary tori
to exist.
Secondary tori can exist in the Standard Volume-Preserving Map (4) when the flux is greater
than the amplitude of the forcing. The value of λmax is shown as a function of ε in Fig. 6(a) along
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with dashed blue ε = λ line. The difference between these values, λmax−ε, is plotted against ε on a
logarithmic scale in Fig. 6(b) where we can clearly a linear relationship. Performing a least-squares
fit yields the relation
λmax − ε ≈ 0.9757ε1.9645 ≈ ε2
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Figure 6: Figure(a): The value of λ such that no bounded orbits exist for fixed ε in the Standard Volume-Preserving
Map (4). The blue dashed line indicates where λ = ε while the solid black line shows λ = ε + ε2. Figure(b): The
difference λmax− ε as a function of ε plotted on a log-log scale. A least-squares fit suggests that this difference grows
as ≈ ε2
We note that the estimate λmax = ε+ε
2 is only a numerical estimate based on our observations.
There are likely higher order terms to this bound. Secondly, all secondary tori may be destroyed
prior to this value of λ, especially for larger values of ε. For other maps of the form (2) we expect
λmax = A1ε+A2ε
2 + · · ·
where the constants Ai depend on the structure of the map and force g(x).
The secondary tori in maps of the form (2) generally arise in nested families such as those seen
in Fig. 1. The decline in the relative measure of the set of bounded orbits can be caused by either
the destruction of the outermost layer or a decrease in its size. Similarly, an increase in the relative
measure can be caused by a growth in the outermost torus or the creation of a new torus that
encompasses the existing tori. Fig. 7 and Fig. 8 shows this change for fixed ε and λ in the Standard
Area-Preserving Map (3) using 50000 iterations and 500000 initial points.
When ε is small, shown in Fig. 7(a), bounded orbits are bountiful for small λ. As λ grows the
number of bounded orbits decreases gradually. We observe that this corresponds to the outermost
layer of tori being destroyed. Note that this change is not monotonic - there are several instances
where the outermost layer of tori grows or reforms, corresponding to an increase in the frequency
of bounded orbits.
When λ is small, shown in Fig. 7(b), there are no bounded orbits for small ε, recall Assertion 2.
However, once ε > 2piλ, the number of bounded orbits quickly grows. This is due to a growth in the
size of the resonant region, as discussed in detail in Section 4.3. As ε continues to grow a change
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occurs and the measure of the set of bounded orbits declines. Once again, we observe a gradual
decrease corresponding to the outermost layer of tori being peeled off.
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Figure 7: Relative measure of the set of bounded orbits in the Standard Area-Preserving Map (3) for Figure (a):
ε = 3.5 as a function of λ and Figure (b): λ = 0.1 as a function of ε.
When ε is large, shown in Fig. 8(a), the there are many tori for λ  1, however these tori are
quickly destroyed as λ grows. When 2piλ ≈ ε a second family of tori emerges, disappears, then
reemerges as λ grows. When λ is large there are no bounded orbits until ε > 2piλ at which point
the tori grow quickly. These tori go through rapid growth and contraction, similar to the observed
behavior for large ε.
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Figure 8: Relative measure of the set of bounded orbits in the Standard Area-Preserving Map (3) for Figure (a):
ε = 5.5 as a function of λ and Figure (b): λ = 0.6 as a function of ε.
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4.1 Lyapunov Exponents of Bounded Orbits
The maximal Lyapunov exponents of the bounded orbits were estimated using (5) on the same grid
of (ε, λ) values as in Fig. 5 using the same number of initial conditions and iterations. The largest
of the maximal exponents at each parameter value is shown in Fig. 9.
Figure 9: Largest Lyapunov Exponents of the bounded orbits of the Figure(a): Standard Area-Presering Map
(3) and Figure (b): Standard Volume-Preserving Map (4). The largest exponents appear to occur near regions in
parameter space for which no tori exist.
4.2 Global rotation vectors of orbits trapped by secondary tori
When ε = 0 all orbits of the Standard Volume-Preserving Map (4) must have rotation numbers
that lie on the parabola defined by the frequency map
Ω(z) = (z + γ,−δ + βz2).
We approximate the rotation vectors of the bounded orbits with (6). These approximations are
shown along with the frequency map Ω in Fig. 10. We observe that all of the secondary tori have
global rotation vectors along the frequency map implying that these tori continue from the original
resonance rather than being generated by higher order terms. Similarly, all bounded orbits in the
Standard Area-Preserving Map (3) have rotation numbers near the low-order resonances 0, 12 , or
1.
4.3 Size of the Resonant Region
The size of the resonant region as a function of ε can be approximated by measuring the diameter
of the set bounded orbits, D(ε). For the Standard Area-Preserving Map (3), we compute the
Euclidean distance between every pair of points on the bounded orbits in a specified resonant
region. The largest distance over all bounded orbits at fixed ε is said to be the diameter of the
resonance D(ε). A similar process is used for the Standard Volume-Preserving Map (4), however
we take a thin slice of a given of tube and only consider the distance between points in this slice.
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Figure 10: Frequency map Ω(z) (red line) with computed frequencies of secondary tori (black dots)
Assertion 3. The size of the resonant regions D(ε) in maps of the form (2) is approximately
D(ε) = A(ε−Bλ)1/2 (8)
for some nonnegative constants A and B and ε−Bλ 1.
Evidence:
The resonant region with ω ≈ 0 in the Standard Area-Preserving Map (3) with λ = 0.25 was
measured for ε− 2piλ 1. Recall from Assertion 2 that this region corresponds to the smallest ε
values for which secondary tori will exist. At each value of ε 15000 initial conditions were chosen
such that |z| ≤ 0.05 and iterated 250000 times. If the orbit remained bounded the first 200 points
were employed to compute D(ε).
A similar approach was used in the Standard Volume-Preserving Map (4) with λ = 0.005. In
this case the resonant region with ω ≈ (φ, 2) where φ = 12(1+
√
5) is the golden mean was explored.
The same number of orbits and iterations were used as in the Standard Area-Preserving Map case,
however all initial conditions satisfied x2 ∈ [0, 0.5], z ∈ [0.9, 1.1]. These orbits were confined in a
secondary torus that stretched across the x1 dimension. The diameter D(ε) was therefore computed
within the slice 0 ≤ x1 ≤ 0.01.
The diameter of the resonances are shown in Fig. 11 as a function of ε. The growth of the
resonance can be modeled by (8). Appropriate values must be computed for both A and B.
Assertion 2 implies that B = 2pi for the Standard Area-Preserving Map (3) and B = ε+ ε2 ≈ ε for
the Standard Volume-Preserving Map. The values of A and B were estimated from the experimental
data using MatLab’s nonlinear least-squares fit command. For the Standard Area-Preserving Map
(3) B was found to equal 2pi to within 8 digits while A = 0.5176. The data for the Standard
Volume-Preserving Map (4) gave the estimates B = 1 to 12 digits and A = 26.89. Note that since
λ = 0.005 in this case Assertion 2 implies λmax = ε + ε
2 = ε +O(10−6) hence it is not surprising
that the fit gave B = 1.
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Figure 11: Largest diameter of a bounded orbit, D(ε), plotted on a logarithmic scale. The black data points in the
lower right are for the Standard Area-Preserving Map (3) with ω ≈ 0. The best-fit curve, shown in red, was found
to be D(ε) = 0.5176(2piε− λ). The green data points in the top right are for the Standard Volume-Preserving Map
(4) with ω ≈ (φ, 2). The best-fit curve for this case was D(ε) = 26.89(ε− λ)
5 Conclusion
In this paper we explored the dynamics of area and volume-preserving maps with positive flux.
Although rotational tori do not exist in these systems we have shown that secondary tori are
present and play a fundamental role in the dynamics. We provided evidence in support of assertions
describing the size of the resonant regions and the parameter values for which secondary tori may
exist. We also demonstrated how these tori affect the rate of transport of the unbounded orbits.
There is significant potential for future research in this field.
1. Can we construct a transport model that explains the Gamma distributed escape times de-
scribed in Assertion 1?
2. Can the claim that tori cannot exist in the Standard Area-Preserving Map (3) if the net flux
is greater than the amplitude of the forcing be rigorously proven?
3. Can the threshold λmax = ε + ε
2 in the Standard Volume Preserving Map (4) be improved
and rigorously proven?
4. Can a perturbative argument be used to prove Assertion 3 and provide estimates for the
parameters A and B in (8)?
5. Can we numerically compute these secondary tori and predict their destruction under per-
turbation?
14
6. In the two dimensional case, there has been a great deal of interest in finding “the last
invariant torus” in a confining island and they have been shown to have very interesting
properties [ST97]. It would be interesting to find similar results for the last tori in tubes.
7. Can these results be employed to study physical problems such as the build-up of cholesterol
in arteries or the clogging of water pipes?
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